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Abstract. We provide a new proof of a result of X.X. Chen and G.Tian 
[I]: for a polarized extremal Kahler manifold, an extremal metric attains the 
minimum of the modified K-encrgy. The proof uses an idea of Chi Li [16] 
adapted to the extremal metrics using some weighted balanced metrics. 



1. Introduction 

Extremal metrics were introduced by Calabi pQ. Let (X, u>) be a Kahler manifold 
of complex dimension n. An extremal metric is a critical point of the functional 
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defined on Kahler metrics g representing the Kahler class [w], where S(g) is the 
scalar curvature of the metric g. Constant scalar curvature Kahler metrics (CSCK 
for short), and in particular Kahler-Einstein metrics, are extremal metrics. In 
this work we will focus on the polarized case, assuming that there is an ample 
holomorphic line bundle L-)I with c\(L) = [u]. In this special case, it has been 
conjectured by Yau in the Kahlcr-Einstcin case [29], and then in the CSCK case 
by the work of Tian [27] and Donaldson [9] that the existence of a CSCK metric 
representing C\{L) should be equivalent to a GIT stability of the pair (A, L). This 
conjecture has been extended to extremal metrics by Szekelyhidi [35] and Mabuchi 

Let (X, L) be a polarized Kahler manifold. Donaldson has shown [8] that if 
X admits a CSCK metric in Ci(L), and if Aut(X, L) is discrete, then the CSCK 
metric can be approximated by a sequence of balanced metrics. This approximation 
result implies in particular the unicity of a CSCK metric in its Kahler class. This 
method has been adapted by Mabuchi [H5] to the extremal metric setting to prove 
unicity of an extremal metric up to automorphisms in a polarized Kahler class. 
Then, Chen and Tian proved unicity of an extremal metric in its Kahler class up 
to automorphisms with no polarization assumption [4]. 

In a sequel to his work on balanced metrics [10] , Donaldson shows that if 
Aut(A, L) is discrete, a CSCK metric is an absolute minimum of the Mabuchi 
energy E, or K-energy, introduced by Mabuchi [18]. The approximation result of 
Donaldson does not hold true for CSCK metrics if the automorphism group is not 
discrete. There are counter-examples of Ono, Yotsutani and the first author [21], or 
Delia Vedova and Zudas [6]. However, Li managed to show that even if Aut(X, L) 
is not discrete, a CSCK metric would provide an absolute minimum of E [16] . 
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By a theorem of Calabi [2], extremal metrics are invariant under a maximal 
connected compact sub-group G of the reduced automorphism group Auto (A) 1 1 1 j . 
Any two such compact groups are conjugated in Auto (A) and the study of extremal 
metrics is done modulo one such group. In the extremal setting, the modified K- 
energy E G (see definition 12. 2.6|) plays the role of the K-energy for CSCK metrics. 
This functional has been introduced independently by Guan [14| , Simanca |24j and 
Chen and Tian [4] and is defined on the space of G-invariant Kahler potentials 
with respect to a G-invariant metric. In 0], Chen and Tian prove that extremal 
metrics minimize the modified K-energy up to automorphisms of the manifold, 
with no polarization assumption. In this paper, we give a different proof of this 
result in the polarized case. We generalize Li's work to extremal metrics, using some 
weighted balanced metrics, which are called cr-balanced metrics (see definition ^. 2. 81 
in section 2): 

Theorem A. Let (A, L) be a polarized Kahler manifold and G a maximal connected 
compact sub-group of the reduced automorphism group Auto (A). Then G-invariant 
extremal metrics representing C\{L) attain the minimum of the modified K-energy 
E G . 

The proof relies on two observations. We will consider a sequence of Fubini- 
Study metrics associated to Kodaira embeddings of A into higher and higher 
dimension projective spaces. The first observation is that if we define to be the 
metric associated to an extremal metric in c\{L) by the map Hilbk (see definition 
in section[2j equation ([3])). then u>k will be close to a cr-balanced metric. The second 
point is that cr-balanced metrics, if they exist, are minima of the functionals Zf, 
(section^ equation (JSJ) that converge to the modified Mabuchi functional. Then 
a careful analysis of the convergence properties of the u>k and Z% yields the proof 
of our main result. 

Remark 1.0.1. We shall mention that Guan shows in [T3] that extremal metrics 
arc local minima, assuming the existence of G 2 -geodesics in the space of Kahler 
potentials. 

1.1. Plan of the paper. In section[2j we review the definition of extremal metrics 
and recall quantization of CSCK metrics. We then introduce cr-balanced metrics 
and the relative functionals. Then in section G2 we prove the main theorem. In the 
Appendix, we collect some facts and proofs of properties of cr-balanced metrics. 

1.2. Acknowledgments. The first author is supported by MEXT, Grant-in-Aid 
for Young Scientists (B), No. 22740041. The part of the article concerning cr- 
balanced metrics is presented by the first author in 2011 Complex Geometry and 
Symplectic Geometry Conference held in the University of Science and Technology 
in China. He would like to thank the organizers for the invitation and the kind 
hospitality. The second author would like to thank Hongnian Huang, Vestislav 
Apostolov and Andrew Clarke for useful discussions and their interest in this work, 
as well as Song Sun and Valentino Tosatti for their encouragement. 

2. Extremal metrics and Quantization 

2.1. Quantization. Let (A, L) be a polarized Kahler manifold of complex dimen- 
sion n. Let "K be the space of smooth Kahler potentials with respect to a fixed 
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Kahler form wGci (L) : 

"K = {<t> e C°°(X) | w := w + V^ldd^ > 0}. 

For each fc, we can consider the space of hermitian metrics on L® k . To 
each element h £ 3i k one associates a metric —^/—lddlogQi) on X, identifying the 
spaces !Hfe to J£. Write w/j to be the curvature of the hermitian metric h on L. 
Fixing a base metric /io in J-C% such that w = Uh the correspondence reads 

W0 = w e -4h = w + V—ldd(ft. 

We denote by 23fc the space of positive definite Hermitian forms on H°(X, L® k ). 
Let N k = dim(H°(X,L k )). The spaces S fc are identified with GL Nk (C)/U(N k ) 
using the base metric hg . These symmetric spaces come with metrics d k defined by 
Riemannian metrics: 

(H 1 ,H 2 ) h =Tr(H 1 H- 1 ■ i^ff" 1 ). 

There are maps : 

Hilb k : Jf -> S fc 
FS fe : S fc -> JC 

defined by : 



and 



Vtfe03 fc , (#) = -]- log y> a |2 fc 



where {s a } is an orthonormal basis of H°(X,L® k ) with respect to H. Note that 
ujps k {H) is the pull-back of the Fubini-Study metric on CPAr fc _i under the projective 
embedding induced by {s a }. A result of Tian [26] states that any Kahler metric 
uirj) in Ci(L) can be approximated by projective metrics, namely 

lim —FS k ° Hilb k (cf>) = 4> 

k— too k 

where the convergence is uniform on C 2 (X, R) bounded subsets of "K. 
The metrics satisfying 

Fs k o mib k {<t>) = <j> 

are called balanced metrics, and the existence of such metrics is equivalent to the 
Chow stability of (X, L k ) by Zhang [31] and Wang [28]. Let Aut(X, L) be the group 
of automorphisms of the pair (X, L). From the work of Donaldson [8], if X admits 
a CSCK metric in the Kahler class Ci(L), and if Aut(X, L) is discrete, then there 
are balanced metrics for k sufficiently large, with 

FS k o Hilb k {cj> k ) = <p k 

and these metrics converge to the CSCK metric on C°° (X, R) bounded subsets of 
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In the proof of these results, the density of state function plays a central role. 
For any <f> S "K and k > 0, let {s a } be an orthonormal basis of H°(X,L k ) with 
respect to Hilbk(4>). The k th Bergman function of <j> is defined to be : 

a. 

It is well known that a metric (f> € Hilb^'K) is balanced if and only if pk{4>) is 
constant. A key result in the study of balanced metrics is the following expansion: 

Theorem 2.1.1 ( [3j . |23j . |26j . |30| ) . The following uniform expansion holds 

p k {<j>) =k n + ii^P- 1 + A 2 {4>)k n ~ 2 + ... 

with Ai((f)) = jS(4>) is half of the scalar curvature of the Kahler metric uj^ and for 
any I and R £ N, there is a constant C^r such that 

j<R 

As a corollary, if <fik = FSk ° Hilbk{4>), then 

<t>k - <P = ^\ogp k {4>) -> o 

as k — > oo. In particular we have the convergence of metrics 

(1) w 0fc =^ + O(fc- 2 ). 
By integration over X we also deduce 

Pk{4>)d^ = k n [ dp^ + k"- 1 ^ [ Sifidm + 0(fc ri " 2 ) 
x Jx * Jx 

where S((f>) is the scalar curvature of the metric associated to the Kahler form 
0Jd> and dud, = — -f is the volume form. Thus 

TV. 

(2) N k = k n V + ^VSk 71 - 1 + 0{k n - 2 ). 
where 

[u]» 

is the average of the scalar curvature and V is the volume of (X, c\{L)). 

2.2. The relative setup. In order to find a canonical representative of a Kahler 
class, Calabi suggested [I] to look for minima of the functional 

Ca : "K -> K 



^ / {S{0)~S) 2 dp,p. 



i x 

In fact, critical points for this functional are local minima, called extremal metrics. 
The associated Euler-Lagrangc equation is equivalent to the fact that grad^^ (S(<j>)) 
is a holomorphic vector field and constant scalar curvature metrics, CSCK for short, 
are extremal metrics. 

By a theorem of Calabi [2] , the connected component of identity of the isometry 
group of an extremal metric is a maximal compact connected subgroup of Auto (A). 
As all these maximal subgroups are conjugated, the quest for extremal metrics 
can be done modulo a fixed group action. Note that Auto (A) is isomorphic to 
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Auto (A, L) the connected component of identity of Aut(A, L). As we will see later, 
it will be useful to consider a less restrictive setup, working modulo a circle action. 
We then define the relevant functionals in a general situation and we fix G a compact 
subgroup of Auto (X, L) and denote by q its Lie algebra. 

2.2.1. Space of potentials. We extend the quantization tools to the extremal metrics 
setup. 

Replacing L by a sufficiently large tensor power if necessary, we can assume that 
Auto(X,L) acts on L (see e.g. [15]). Then the G-action on X induces a G-action 
on the space of sections H°(X, L k ). This action in turn provides a G-action on 
the space 23^ of positive definite hermitian forms on H°(X,L k ) and we define ¥> G 
to be the subspace of G-invariant elements. The spaces H G are totally geodesic in 
2Jfc for the distances dk- Define !K G to be the space of G-invariant potentials with 
respect to a G-invariant base point oj. We see from their definitions that we have 
the induced maps : 

,„v Hilb k : r K G -> S G 

K6) FS k : <& G -> % G . 

2.2.2. Modified K-energy. For a fixed metric g, we say that a vector field V is a 
hamiltonian vector field if there is a real valued function / such that 

V = JVgf 

or equivalently 

u(y, •) = -d/. 

For any e JC G , let P G be the space of normalized (i.e. mean value zero) Killing 
potentials with respect to whose corresponding hamiltonian vector fields lie in q 
and let H G be the orthogonal projection from L 2 (X, R) to P G given by the inner 
product on functions 

{f, 9) t-> J fgd H . 

Note that G-invariant metrics satisfying S(4>) ~ S_ — H G S((f>) = are extremal. 

Definition 2.2.3.[13l Section 4.13] The reduced scalar curvature S G with respect 
to G is defined by 

s G ( ( f>) = s( ( f>)-s-n G stt). 

The extremal vector field V with respect to G is defined by the equation 

v g = v g (u G sm 

for any in "K G and does not depend on 4> (see e.g. [131 Proposition 4.13.1]). 

Remark 2.2.4. Note that by definition the extremal vector field is real-holomorphic 
and lies in Jg where J is the almost-complex structure of X, while JV lies in g. 

Remark 2.2.5. When G = {1} we recover the normalized scalar curvature. When 
G is a maximal compact connected subgroup, or maximal torus of Auto(A), wc find 
the reduced scalar curvature and the usual extremal vector field initially defined by 
Futaki and Mabuchi [T2~| . 

We are now able to define the relative Mabuchi K-energy, introduced by Guan 
[H], Chen and Tian g], and Simanca [2~4"] : 
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Definition 2.2.6. [HI Section 4.13] The modified Mabuchi K-energy E G (relative 
to G) is defined, up to a constant, as the primitive of the following one-form on 
K G : 

cj)^ ~S G ((j))dfi < p. 

If G K G , then the modified K -energy admits the following expression 

E G {0) = - [ <t>{( S G (t<j ) )d f i^dt). 
Jx Jo 

As for CSCK metrics, G-invariant extremal metrics whose extremal vector field lie 
in Jq are critical points of the relative Mabuchi energy. 

2.2.7. The a-balanced metrics. We present a generalization of balanced metrics 
adapted to the relative setting of extremal metrics. 

Definition 2.2.8. Let <7fc(t) be a one-parameter subgroup of Auto(X, L k ). Let 
(j) G IK. Then is a k th cr^-balanccd metric if 

(4) ^kFS k oHilb k (<j>) = 

Conjecturally, the cr-balanced metrics would provide the generalization of the 
notion of balanced metric and would approximate an extremal Kahler metric. In- 
deed, in one direction, assume that we are given cr^-balanccd metrics uj^, k , with 
o-fc G Auto (A, L k ) such that the cut converge to uj^. Suppose that the vector fields 
k-^\t=o <J k(t) converge to a vector field Voo G f)o- A simple calculation implies that 
Woo must be extremal. 

We now define the functionals that play the role of finite dimensional versions 
of the modified Mabuchi K-energy on H G and FSk(1$ G ) respectively. First define 
Ik = log o det on 23 G . This functional is defined up to an additive constant when we 
see H G as a space of positive Hermitian matrix once a suitable basis of H°(X, L k ) 
is fixed. It is shown in [S] that Ik gives a quantization of the Aubin functional /. 
However in the extremal case, we need a modified version of the Aubin functional 
defined by the first author in order to feet with the balanced metrics. Let V G 
Lie(Auto(X,L)) and denote by a(t) the associated one parameter subgroup of 
Auto (A, L). Define up to a constant for each <f> G IK the function i/v.^ by 

(5) er(l)*u;0 = W0 + s/^lddipa-^. 

We will see in the sequel how to choose suitably a normalization constant for these 
potentials. We then consider a modified / functional defined up to a constant by 
its differential: 

Jx 

where = — ^jrgfr is the complex Laplacian of g^. We will also need to 

consider the potentials <j> as metrics on the tensor powers L® fe , we thus consider the 
normalized vector fields Vk — — jj; and the associated one-parameter groups Ok (t) ■ 
We choose the normalization 

(6) J exp {ipa k ,<t,) d^ = ^ 
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Then we define for each k 

5I^{^){54>) = f kS4>(l + ^)e^^k n d^. 

Remark 2.2.9. If a is the identity, we recover the usual Aubin functional. 

Remark 2.2.10. This one-form integrates along paths in !H G to a functional I k (<j>) 
on % G , which is independent on the path used from to (j>. The proof of this fact 
is given in the Appendix, proposition 14 . 1 . T1 
Wc define £^ on M G and Z[ on by 

(7) £ a k =ho Hilbk + II 
and 

(8) Z° k = r k o FS k + I k - k n log(k n )V. 

We will show in the following that these functionals converge to the modified K- 
energy in some sense. Note also that avbalanced metrics are critical points for L k 
(proposition I3.1.3j ) and, if FSk(Hk) is a ^-balanced metric for some Hk € 23 jf, 
then H k is a minimum for Z k (proposition I4.3T]) . 

3. Minima of the modified K-energy 

The aim of this section is to prove Theorem [A] For the convenience of the reader 
we give a sketch of the proof. 

We will choose the special group G corresponding to the Killing field JV* asso- 
ciated to the extremal vector field V* of the extremal Kahlcr metric lj* = u)§*. 
We know that the metrics uj k = lu + \/~ldd(f>* k with Kahlcr potentials <\>* k = 
FSk ° Hilb k (4>*) converge to w* ([26], [3] and [30]). We begin our proof by showing 
that the functionals L k converge to the modified Mabuchi functional on the space 
"K G . Then we show that Z k o Hilb k and L k converge to the same functional, thus 
Z k gives a quantization of the modified Mabuchi functional and we reduce our 
problem to studying the minima of Z k . However the metrics co k constructed above 
are not in general critical points of Z k , as there is no reason for these metrics to 
be (jfe-balanced. We use instead an idea of Li [16] relying on the Bergman kernel 
expansion to show that these metrics u> k are almost Cfe-balanced metrics, in the 
sense that Hilbk(j-o k ) is a minimum of the functional Z k up to an error which goes 
to zero when k tends to infinity. 

Let V* be the extremal vector field of the class Ci(L). In the polarized case, the 
vector field JV* generates a periodic action [12] by a one parameter-subgroup of 
automorphisms of (X, L). Fix G to be the one-parameter subgroup of Aut(X, L) 
associated to JV* . This group is isomorphic to S 1 or trivial by the theorem of 
Futaki and Mabuchi [T^]. This will be a group of isometries for each of our metrics. 

Remark 3.0.11. The modified K-energy E Gm is defined to be the modified 
Mabuchi functional with respect to a maximal compact connected subgroup G m 
of Aut(A, L). Assume that G is contained in such a G m . Then E Gm is equal to 
E G when restricted to the space of G m -invariant potentials. Indeed, the projec- 
tion of any G m -invariant scalar curvature to the space of holomorphy potentials of 
Lie(G m ) gives a potential for the extremal vector field by definition. Thus a min- 
imum of E G which is invariant under the G m -action, such as an extremal metric, 
will be a minimum of the usual modified Mabuchi functional 
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Let at be the element of Aut(X, L) associated to the vector field — We will 
also need to define for each <fi in l K G the function 0{4>) to be the normalized (i.e. 
mean value zero) holomorphy potential of the vector field V* with respect to the 
metric lo^: 

g<t> (V*,-) = d6(<j>) 

or 

0(0 = n?W)). 

3.1. The functionals converge to E G . In this section we prove the following 
fact : 

Proposition 3.1.1. There are constants Ck such that 

2 

as k — > oo, where the convergence is uniform on C l (X, R) bounded subsets of > K G . 
Proof. We show that 

^-SLZ -s- 5E G 

k n k 

uniformly on C l (X, M.) bounded subsets of "K G . First we compute SL^. Following 
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5{I k o Hilb k )^S(j)) = - / 50(A + k)p k {4>)dnd> 
Jx 

and by definition 

Jx 

where we set ip k (-) = ip ak ,-- 
Then 

(9) S(£%h(8<i>) = - I <ty(A* + fc)(p*(0) - k n e^^)d^. 

Jx 

We need an expansion for the potential ^ : 



which proof is postponed to lemma 13.1.21 Then by the expansions of ip k (</>) and 

Pk{4>) 

(A +fc)( Pfc (0)-fc" e ^W) = fc"(A +fc)(l+^+O(fc- 2 )-l- g( ^ fc + - +O o (fc- 1 )), 
(A, + fe)(p fc (0) - fc»e**<*>) = fc "( Mz|zffl) + q^- 1 )), 

and 

As the expansions of i(>k{<P) and /9fc(</>) are uniform on bounded subsets of C l (X,M.) 
the result follows. □ 

The following lemma will be useful : 
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Lemma 3.1.2. The following expansion holds uniformly in C l (X,M) for I >> 1: 

(io) M(j> ) = e M±A + Oo(k-') 

where Oo(k~ 1 ) denotes k -1 -times a function e{k) on X with e(k) — > in C (X, K) 
as k — > 0. 

Proof. By definition 

<T fc (i)*w(^) - uj{4>) = V=idd<ip k (<t>), 

then 

oi(i)*«($ - >/=T^ fc (0), 

where cri(r) is equal to cxp(— AV*). Dividing by — , and letting k go to infinity, 



L_i v ,(jj(4>) = y/^ldd lim (kij>k(<fi)) 
Then by Cartan's formula, 

= -ld 9tfl (V*,J-) 
and by definition of holomorphy potentials 



thus 

hm {kipkiW = ^ 

for some constant c. By the normalization ([5]) of the function ip k (0) we deduce 

f exp(1>* h ,4>)dm= [ l+ e ^l +C +0{k- 2 )d^. 



Recall that we choose 6{<f>) normalized to have mean value zero. Using formula ([2]) 
to expand N k = dim(H° (X , L k )), we conclude that c = S_. □ 

From the above computations we also deduce the following : 

Proposition 3.1.3. Let <j> E "K be a k th a k -balanced metric. Then cf> is a critical 
point of ££. 

Proof. By equation ((4]) of avbalanced metrics and by definition ([5]) of ipk{4>) we 
deduce 

p k (4>) = Cexp(^ fe (0)) 

for some constant C. Integrating over X and using the expansions @ and (JTUJ) we 
deduce 

Pk {4>) = k n eMM4>))- 

The result follows from the computation of the differential of equation ©. □ 

A direct computation implies the similar result for (see proposition 14 . 3 . II in the 
appendix) . 
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3.2. Comparison of Z k and L a k . The aim of this section is to show that Z^oHilbk 
and L% converge to the same functional. We will need the two following lemmas: 

Lemma 3.2.1. The second derivative of 1% along a path (f) s £ 3~C G is equal to 

Proof. The proof of this result is given in the Appendix, section 14.21 □ 

Lemma 3.2.2. Let <f> £ ^K G . Then there exists an integer ho, depending on <j>, such 
that for each k > k$, the functional 1% is concave along the path 

[0, 1] -> ■K 
s i-> <f>+ flog(p fc (<j>)) 

Proof. By lemma [3.2.11 the second derivative of along the path <pk( s ) = <P + 
f log(pfcO)) is 

fc"^(^-^l#' fe | 2 )(fc + A 0fc(s) )e^^^^ fc(s) . 
As 4>'k = i \°g(Pk (</>)) an( i 0fc = 0, this expression simplifies: 

^TO fc («)) = -k n J \\d± log( Pfc (0))| 2 (fc + A Ms) )e^^df, Ms) . 

We compute the leading term in the above expression as k goes to infinity. To 
simplify notation, let Tk(4>) = FSk ° Hilbk{4>)- Note that uj c f >1 = w^uj. From ([1}, 
the difference between uj^ a and w,^ is 

oj^ - a;^! = 0(fc~ 2 ). 

Thus we have the estimates 

A Ms) = A^ + Oik- 1 ), 
df-'Pkis) = d P<t> + 0(fc~ 1 ) 

and 
Then 

^IZ(Ms)) = ~k n J^ \\d\ log(p fc (^))| 2 (fc + A^e^d^ + 0(k n ^). 
From this we deduce that the leading term as k tends to infinity is 

— Y~ J^\dS{<j))\ 2 d^<o 

where once again we used the expansions of Bergman kernel and of ipkifi) from 
lemma [3X2] □ 

Now we can prove the main result of this section: 

Proposition 3.2.3. For each potential <fi € "K G , we have 

lim k- n (Ll(<j)) -Z a k o Hilb k {4>)) = 

h—¥oo 
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Proof. By definition, 

k~ n (LU<t>) - Zl ° Hilb k {4>)) = k- n {I° k {T k {4,)) - ~ k n \og{k n )V) 

where T k = FSk ° Hilbk- From lemma [3.2.21 for k large enough, the functional 1% 
is concave along the path 

s i-> <t> + -\og{p k {4>)) 

going from <fi to Tk{4>) in "K . 
Thus 

(11) W)*(\ iogp*W) > (#(W)) - > (<yi]f) TfcW (i iogp fc (0)). 

We deduce from the definitions that 

(12) fc-"(«£) (i log^W) - log(fc")y > Ar n (£ G (0) - Z% o H«6 fc (0)) 
and 

(13) k~ n - o mib k {4>)) > fc-»(^) Tfc(0) (I logpfcW) - \og{k n )V 
and it remains to show that the left hand side of (fT2|) and the right hand side of 



([TB"]) tend to zero. First 

*T"(*I£),(ilogp fc (#)-]og(fc B )V = / (llog(p fc (^)))(fc+A^)e^W^-Flog(fc") 



= ^(log(fc«) + M + (fc- 2 ))(l + ^)(1 + + O (fc- 1 ))^ - V ]og(fc") 

by the expansion of Bergman kernel and lemma 13.1.21 If follows that 

M-j; logPfcW) - Iog(A n )V r = V\og{k n ) + Oik- 1 ) -Vlog(k n ) 

as k — >• oo. 

Note that we didn't make use of the fact that the derivative 61% was evaluated at 
(f>, so the above argument extends to the last term of the inequality (fTB"]) , evaluated 
at Tfc (</>), which thus tends to zero as well. This ends the proof. □ 

3.3. The metrics Hilbk(ui*) are almost c-balanced. We will need the following 
convexity property of Z%: 

Lemma 3.3.1. The functional Z% is convex along geodesies inH k . 

Proof. Here we abbreviate the subscript k. Take a geodesic {-ff(s)} sS R in 23 G . By 
choosing an appropriate orthonormal basis {r a } of H(0), H(s) is represented by 

H(s) = diag{e 2X " s ), X a g K. 

Let 

s = io g (£ e ^M 2 /£M 2 )- 

a 

According to Proposition 1 in [10] (also [22]), the inequality 

(14) f W~\W s \ 2 )d^=Y, I l(V^,Vr Q )-(A Q -^)r Q | 2 ^>0 
J X rv -J X 
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holds. For any C°°-section / and any holomorphic section r of L, we have 

f l/| 2 A | S | 2 ^ 
Jx 

= \{J {(V/,/) + (/,V/)}(s,V S )^ 
+ J {(V/, /) + (/, V/)}(Vs, S )d/i) 

= 7/ {(|(V/,/)| 2 + |( S ,V S )| 2 -|(V/,/)-(V S , S )| 2 )} 

(15) +{(!(/, v/)l 2 + l(VM| 2 - v/) - (Vs, S )| 2 )}^ > 0. 

Hence, (fT4|) , (fT5|) and Lemma [3.2.11 complete the proof. □ 
Proposition 3.3.2. Let </> € !K G . Then there are functions e t /,(k) such that 

k- n {Zl o Hilb k ((f>)) > k~ n {Z% o Hilb k {<t>*)) + e*{k) 
and such that limfc_ ! . 00 e^(k) = in C l (X, M.) for I >> 1. 

Proof. We follow Li's proof of [16] [Lemma 3.3.] , adapted to our more general setting. 
In the sequel, C will stand for a constant depending on 4>, <jf and the volume of the 
polarized manifold (X, L), but independent on k. The precise value of this constant 
might change but it won't be important for us. 

Let's set H k = Hilbk{4>*) an d Hk = Hilbk{4>)- We choose an orthonormal basis 
{ri fc) } of H* k such that in this basis H k is represented by the identity and 

H k = diag(e 2X ^). 
Then evaluating Hk on the orthonormal vectors e x<a ' r k : 

(16) e" 2 ^ = f \r k a \ K d^. 

J X 

Comparing the metrics we have the existence of C > such that 

h k Q < C k h k , 

from which we deduce with (|16[) the following estimate: 

(17) \X k a \<Ck. 
Let's consider the one-parameter subgroup of 23 G : 

s^Hk(s) = diag(e 2sX « ) ). 
This is a geodesic that goes from H k to H k in 23 G , thus by lemma 15. 3. II 
k- n {Zl{H k )-Zl{Ht))>k- n f k {Q) 

with 

A00 = z£(tf fc (*)). 

We then need to show that limfe-^ k~ n fi(0) = 0. By a straightforward compu- 
tation 

k- n f' k (0) = 2k- n J2 x( a k) - \ I -(k + A)e^dv 
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where p$, = J2 a ^ \t„ |?* and the quantities pk, A, ip^ and dp are computed with 
respect to the extremal metric lu^* . Then 



2- 1 fc-"/£(0Hfc-™y - [ Pke+*dn-T f —Ae^dp. 

„ Jx Pk k J x p k 



(18) 



We first show that the last term in the sum of (fTBj) tends to zero. First note that 
from ([T7| . 



&| < Ck 



thus 



\r [ ^Ae^rfd < C / lAe^ldu 
« Jx Pfc Jx 



and using lemma [3.1.2l we deduce that this term goes to zero as k tends to infinity. 
Then consider the second term in the right hand side of equation (|18| . Using the 
expansions of ipk and pk we deduce: 

p^V* = fc-(l - ^ + 0(fc- 2 ))(l + ^ + Oolfc- 1 )). 
Here we use our crucial assumption, that is uj^* is extremal, so S — 9 + S_ and thus 

pfe** = k~ n (l + Ooik- 1 )). 

Then 



f p l e ^dp= [ ?k{l + Q (k- l ))dp. 
Jx Pk Jx K 



As 



the only remaining term to control at infinity in k n fL(0) is 



Using QT?P , 



^Ooik^dp. 

x K 



iflooCfc" 1 )! <CfeJV fc fc- n |O (fc- 1 )|. 

— u-l. 



By equation ©, N k k n is bounded and as (k 1 ) = k e(k) with e(k) -> 



and 



lim / g-O o (fc- 1 ) ( i A1 = 



lim fc-"^(0)=0. 

fc— ^oo 



□ 
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3.4. Conclusion, proof of theorem [A], We conclude this section with the proof 
of Theorem [A] We show the following stronger theorem, which implies theorem [A] 
with remark [3.0. Ill 

Theorem 3.4.1. Let (X,L) be a polarized manifold that carries extremal metrics 
representing C\(L). The modified Mabuchi functional with respect to the G -action 
induced by the extremal vector field of c±(L) attains its minimum at the extremal 
metrics. 

Proof. Let (j> £ < K G and <f>* be the potential of an extremal metric. 

(19) L%((t>) = Zl o Hilb k {4>) + - Zl o Hilb k {4>)). 
By proposition 13.3.21 

(20) £%(((>) > ZZoHilb k {r ) + k n e,p{k) + Z% o Hilb k {4>)) 
Then 

rrn L%(<f>) > £%(,<t>*) + {ZZ°HUb k (<l>*) -£%&*))+ 

{ 1 k n s4k) + - Zl a mib k {4>)) 

To conclude, from proposition 13.2.31 

k~ n (Zl o Hilb k {4>*) -Ll(4>*))^0 

and 

k~ n {Zl o Hilb k ((f>) - Ll{4>)) -> 

as k tends to infinity. So does £<fi(k) by construction, see proposition 13.3.21 Thus 
the result follows from proposition 13.1.11 multiplying by k~ n and letting k go to 
infinity in ([2"T]l . □ 

4. Appendix 

We give the proof of the results concerning the c-balanced metrics. We denote 
by (•, •) any of the following Hermitian pairings 

T*X x (T*X x L) -> L, Lx (T*X x L) -> T*X, 
LxL->C, T*X x T*X -> C 

obtained by <f> € % and uj^. We denote the connection of type (1, 0) on the holo- 
morphic tangent bundle T'X by V. 

4.1. The definition of I a . 

Proposition 4.1.1. 1° '(</>) is independent of the choice of a path from to <j>. 
Proof. Since I' 7 {(f) satisfies the cocycle property 

r(0i,0 3 ) = i a (fa^2) + i a (fo,fo) 

by definition, it is sufficient to prove -^q^I' 7 (4>o.o> 4>t.s) is symmetric with respect to 
s and t for any family of path 

{$ = | (s, t) G [0, 1] x [0, 1], <j> , s = 4>r, s = 0} 
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in %. 

d 2 , a f ... . ,5$, 



r (<f> , , M ) = — / ((1 + A*)-=-)e*"*dp* 



sot os j x at 



A' 



(22) + ^ ((1 + A*) — ) P^-)** - / y ((1 + A $ )— ) e ^-(A $ — 
The first term in fl22J) is 

x at os' 

which is symmetric. The second term is obviously symmetric. The third term is 

(23) / Y ^ (V ^' V S )e ^^ $ + / x ( A ^)( V ^*' V ^) e ^"^*- 
Here we use the following equality. 

Lemma 4.1.2. 

Proof. Let v be the gradient vector field of ^j, i.e., 
(25) u = 5 ra^ # — =^3' J - 



We have 



9s / ^— ' dzi \ ds / dz l 

i,3 



a v^t 

— (<t(1) - w$) = L t ,(er(l)*w$ - w$) = dt„99V<r,* 



27r as 

where L„ is the Lie derivative along v. Then, there exists some constant c such 
that 

(20, ^ = (V,„,,V§) +C . 

Recall that 

is constant with respect to s, £ by normalization of f/v.*- Since 



OS J x J X \ os 



d<& \ 

- (w CT ,$,v— )\dm 



the constant c in (|26|) is zero. Hence, ([24)1 is proved. □ 
The forth term is 



r , 9$ 9$ /■ , d$ d$ 

(27) - / e ^££A*5%*- / e^A^A^d// 

Ja of ds J x dt ds 

The sum of the first term in (f2"51) and the first term in (|2"7|) is 

/• d$/ A d$ ,„ , „a*A _6 , , 

-y x ^( A *d7 + ^- v d7)j e ^^- 
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This is symmetric, because the operator A$ + (V^ CT ,$, V) is self-adjoint with respect 
to the weighted volume form e^"'*d/Li$. The remaining is the second term in (|23|) . 
It is 

- J (VVi, $ , V ^ V ^) e ^'* rf ^ - / ( V f|-< V ^*) ( V ^> VVa.^e^-*^, 

which is symmetric. □ 

4.2. Second derivative of 1%. We give a computation of the second derivative of 
Ik- 

Proof of Lemma Yd. 2. 11 



= k n [ (VW>VW)e V '"'*^ + ^ / (k + A^'e^d^ 
Jx Jx 

(28) / ((fe + A^>a,^-^-fc n / ((fc + A^V"* 



From (1241) . the third term in ([28)1 is equal to 

(29) k n f ((A + A )0')(V^,0, V4>')e^d^. 

Jx 

By the partial integral, the forth term in ([28)1 is equal to 

-k n+1 [ \S7<t>fe^d H -k n+1 [ 0'e*-*(V^,V0')<W 

(30) -fc" / (VA 0', V^e^d^ - k n f (A 0')(Ww, V<t>')e^d(if 

Jx Jx 

Remark that the sum of the second and forth terms in ([3D)) cancels ([2"9"| . The third 
term in (l30l) is 



= -fc n / (VW.W^e^.'^-fc" / |V^| 2 A^ a ^"U H 
Jx Jx 

+k n f |V0'| 2 |VV^lV<"^ 
Jx 

(31) = -fc" / (Vv^W^e^'^-r / |W| a A*e*"*d^. 
Substituting ([29)l. ([30)1 and ([31]) for (|28)l. we get the second derivative of 1% ((f>). □ 

4.3. Minima of Z%. The following fact is fundamental to understand the idea of 
this paper, although we do not use as it stands in the proof of the main theorem. 
We give a proof for the convenience of the reader. 

Proposition 4.3.1. If FSk(Hk) is a a^-balanced metric for some H k e then 
Hk is a minimum of on 23^f. 
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Proof. Here we abbreviate the subscript k. In Lemma l3.3.1l we show the convexity 
of Z a along geodesies in 23 G . Then, it is sufficient to show that the cr-balanced 
point H G r B G is a critical points of Z a . Take any variation SH = j[i\ t - T (t) a * 
H, where r(t) G SL(H a (M,L)). Diagonalizing with respect to some orthonormal 
basis {s} a , r(t) is represented by the diagonal matrix 

r(t) = diag(e Xat ), A Q = 0, X a G K. 

a 

Then, the variation of the Kahler potential ip t = FS(X(t) ■ H) at t = is given by 



J2a 



■s, 



2 



E,M 2 ' 

From this and we have 

<^ CT (<5if) = f ^l + A FS(H) )e<™d/i FS(ff) 



x dt 



e ^ a ,FS(X W .H )a l^ FS(H) 

t=0 



E Q A Q | Sa | 2 /E 7 k^7l 2 \ , r d 



A" 



t=0 



E/3 l s /3| 



2 



-dHFS(H)- 



Since H is cr-balanced, {c(<7*s Q )} Q is an orthonormal basis with respect to T(H) 
for some c > 0. Therefore, we have SZ a (6H) = 0. The proof is completed. □ 
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